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Abstract Let M be a prime [-ring, U is a ideal of M and d be a nonzero left demat:on of M If
[d(3),d(x)]q = [, X]q such that for all x,y € U and , p €T, then [x,d(x)] = 0 and hence M is a
commutative.

Kcywords Dem at101’1 Left dem atlon Prime T- rmg, ane rmg

1. Introduction: The concept ofthe [-ring was first introduced by Nobusa\\a (8] and also 5h0\m that ['-
rings, more general than rings. Bresar and Vakman [2] studied on some additive mapping in rings with
involution. Barnes [1]studied on the gamma rings- of Nobusawa. Ceven [3] studied on Jordan left
derivations on completely prime I'-rings. Mayne [7] have developed some remarkable resuit on prime
rings with commuting and centralizing. Luh [6] studied on the theory of simple gamma rings. Jaya
Subba Reddy.C et al. [4] studied centralizing and commutating left general lized derivation on prime ring
is commutative. Jaya Subba Reddy. C et al. [s] studied the right reverse derivation on prime ring 1s
commutative, Salah Mehdi Salih et al. [g] studied on ideal of prime gamma rings with right reverse
derivations. In this paper, we extended some results on ideal of prime gamma rings w ith left derivations.

2. Preliminaries

Let M and T be additive abelian groups. If there exists a mapping (x,a,y) — xay of M X 'xM-—>M,
which satisfies the conditions

(i) xay €M

(i) (x + y)az = xaz + yaz, x(a + f)z = xaz + xfz, xa(y + z) = xay + xaz

(iii) (xay)fz = xa(ypfz) forallx,y,z € Mand @, €T, then M is called a I'-ring.

A I'-ring M is said to be prime 1fa[‘MFb = (0) with a,b € M, impliesa = 0 or b = 0. If M is a T"-ring,
then [x,y], = xay — yax is known as the commutator of x and y with respect to @, where x,y € M
and @ € [. We make the basic commutator identities:

(xay,zlg = [x,z]gay + xa[y,z]g and [x,yaz]g = [x,y]gaz + ya[x,z]g , for all X,y € M and
@ € . We consider the following assumption:

(A).... .xayPz = xfyaz, for all x,y,Zz€M and @, ET. An additive mapping d:M — M is
Lalled a du:xatmn if d(xay) =d(x)ay + xad(y) holds for all x,y €M and a € . An additive
mapping d: M — M is called a left derivation if d (xay) = xad(y) + yad(x) holds for all x,y € M and
a1k

3. Main Results:
Theorem 3.1: Let M be a prime [-ring, U is a nonzero ideal of M and d is a left derivation of M, if U is a
non-commutative such that (A) forall x,y,z € Uand a,f € T, thend = 0.
Proof: Since d is a left derivation and since (A) then
Let d(yBxax) = yBxad(x) + xayfd(x) + xaxfd(y). (1)
On other hand
d(yﬁ(xax)) = yfd(xax) + xaxfd(y)
= yfBxad(x) + yBxad(x) + xaxpd(y). (2)
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Comparing equations (1) and (z), using (A), we get
xayfd(x) = yBrad(x)

xayfd(x) = yaxfd(x)

xayfd(x) — yaxfd(x) =0

(xay — yax)Bd(x) =0

[x,¥]qBd(x) =0, forallx,y € Uanda,B €T. (3)
We replace y by zfy in equation (3), and using equation (3), we get

[x, 26y]aBd(x) = 0

zB[x, 1o Pd(x) + [x, 2] fyfd(x) = 0

[x,z],ByBd(x) = 0,forallx,y,z€ Uand a, B €T. (4)
Replacing y by may, m € M in equation (4), we get

[x,z]of mayfd(x) = 0,forallx,y,z€ U,a,f ETand m € M.

If we interchange m and y then, we get

[x, 2] B yamBd(x) = 0, forallx,y,z€ U,a,f €ETand m € M.

By primness property, either [x,z], = 0 or d(x) = 0.

Since U is a non-commutative, then d = 0. [

Theorem 3.2: Let M be a prime I'-ring, U is a ideal of M and d be a nonzero left derivation of M. If
[d(»),d(x)]a = [, X]g such that (A) forall x,y € U and a,f €T, then [x.d(x)]q = 0 and hence M
is a commutative.
Proof: Given[d(y),d(x)], = [y.x]q, forallx,y € Uand a, €T.
Replacing y by xfiy in above equation, we get

[d(xBy).,d(X)]a = [xBy, x]4

xBly, xlg + [x, x]aBy = [d(xﬁy)»d(x)]a

xBly, x]q = [xBd(y) + yBd(x),d(x)],

xBly, x]e = (xBd(y) + yBd(x))ad{x) — d(x)a(xfd(y) + yBd(x))

B[, ¥]q = xBA(Mad(x) + yFd(X)ad(x) — d(x)axBd(y) — d(x)ayBd(x)
Adding and subtracting xad(x)fd (y) then, we get
xB[y, x]g = xpd(y)ad(x) + yfd(x)ad(x) — d(x)axfd(y) — d(x)ayfd(x) — xad(x)fd(y) +
xad(x)Bd(y)xB[y, x]e = xBd(y)ad(x) + yad(x)Bd(x) — d(x)axfd(y) — d(x)ayBd(x) —
xpd(x)ad(y) + xad()Bd(y)xp[y, x]q = xBd(y)ad(x) — xpd(x)ad(y) + yad(x)pd(x) —
d(x)ayfd(x) + xad(x)Bd(y) - d(x)axpd(y) xB[y,x]e = xB[d(¥),d(x)]q + [y, d(0)]fd(x) +
[x,d(x)].Bd(¥)
Using hypothesis then, we get

[y, d(x)]ofd(x) + [x,d(x)]Ld(y) = 0. (s)
Replacing y by yac, where ¢ € Z(M) and using equation (s), we get

[yac, d(x)]ofd(x) + [x,d(x)]Bd(yac) = 0

yale,d(X)]pd(x) + [y, d()]eacBd(x) + [x,d(x)]B(yad(c) + cad(y)) = 0
yale,d(x)]ofd(x) + [y, d(x)]gacfd(x) + [x,d(x)]Byad(c) + [x,d(x)],Bead(y) = 0

valc, d(x)jfd(x) = [x,d(x)]acBd(v) + [x,d(x)] Byvad(c) + [x,d(x)] Lcad(y) =0

yale, d(x)])Bd(x) = [x,d(x)]eBcad(y) + [x,d(x)]Byad(c) + [x,d(x)]Bead(y) = 0
[x,d(x)] Bvad(c) =0, forallx,y € Uand a, B €T.
Since 0 # d(c) € Z(M) and U is a ideal of M, then we have [x,d(x)], = 0, forall x € U.

By using the similar procedure as in Theorem (3.1), then we get either [x,z], = 0 or d(x) = 0. Since d
is a nonzero, then[x, z], = 0. Hence M is a commutative.

Theorem 3.3: Let M be a prime I'-ring, U is a ideal of M and d be a nonzero left derivation of M. If
[d(¥),d(x)]q = 0,forallx,y € Uand @, €T, then M is a commutative.

Proof: Given that[d(¥),d(x)], =0, forallx,y € Uand a,f €T.

Replacing y by xfiy in above equation then, we get

[d(xfy), d(x)], =0 forallx,y € Uanda,f €T.
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[xBd(y) + yBd(x),d(x)]o =0

[xBd(¥),d(X)]e + [YBd(x),d(x)]a =0

xBlAP), d(X)]e + [x,d(x0)]Bd () + ¥B[d(x), d(x)] + [y, d(X)]oBd(x) = 0

[y, d(x)]oBd(x) + [x,d(x)].fd(y) = 0. (6)

The proof is now completed by equation (5) of Theorem (3.2). Hence M is a commutative.
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